The failure of distributivity in quantum logic is motivated by the principle of quantum superposition. However, this principle can be encoded differently, i.e., in different logical-algebraic objects. As a result, the logic of experimental quantum propositions might have various semantics: e.g., a semantics, in which the distributive law of propositional logic fails (quantum logic), or a semantics, in which this law holds but the valuation relation -i.e., the function from atomic propositions into the set of two objects, true and false -is not total (called supervaluationism). Consequently, closed linear subspaces of a Hilbert space (representing experimental quantum propositions) could be organized in different structures -i.e., a Hilbert lattice (or its generalizations) identified with quantum logic, or a collection of invariant-subspace lattices (Boolean blocks of contexts) identified with the supervaluational semantics. Then again, because one can verify simultaneously only the propositions relating to the same context, to decide which semantics is proper -quantum logic or supervaluationism -is not possible experimentally. Yet, the latter allows simplifications of some no-go theorems in the foundation of quantum mechanics. In the present paper, as an example, the Kochen-Specker theorem asserting the impossibility to interpret, within the orthodox quantum formalism, projection operators as definite {0, 1}-valued (preexistent) properties, is taken. As it is demonstrated in the paper, in the supervaluational semantics this theorem turns into a mere tautology just restating that there is no global assignment of truth values to experimental quantum propositions in such a semantics.
Introduction
To understand quantum mechanics from a logical-algebraic perspective, an assignment of truth values to experimental quantum propositions -i.e., provable or verifiable by experiment elementary (atomic) statements about quantum systems -plays an essential role. Let us illustrate this point.
Consider closed linear subspaces of Hilbert space H associated with a quantum system. It is reasonable to regard an experimental quantum proposition, say C, as true if vector |Ψ describing the state of the system belongs to closed linear subspace C ⊆ H that uniquely represents C. In symbols,
where C(|Ψ ∈ C) stands for " C in state |Ψ ∈ C " and the double-bracket notation is used to denote a valuation, that is, a mapping from the set of experimental quantum propositions in system's state |Ψ ∈ C, symbolized by {P (|Ψ ∈ C)}, to the set of the truth values, true and false, renamed to 1 and 0 respectively; in symbols, v: {P (|Ψ ∈ C)} → {1, 0} .
Let A and B be closed linear subspaces of H having no element in common except the zero-subspace {0} such that they decompose H into the direct sum (formed by taking linear combinations of vectors from A and B):
where ∩ denotes the set-theoretic intersection, ∧ and ∨ denote the lattice-theoretic meet and join, respectively. Subspaces A and B uniquely represent experimental quantum propositions A and B that take on the values of true in their relating states, namely,
B (|Ψ ∈ B) v = 1 .
Providing A ∧ B represents conjunction A⊓ B and taking into consideration that any vector |Ψ describing the state of the system does not reside in {0}, it is reasonable to identify an arbitrary contradiction with conjunction A⊓B (which implies that propositions A and B are mutually exclusive).
Suppose that C = A and C = B. Let vector |Ψ C ≡ |Ψ ∈ C be a linear combination (superposition) of vectors |Ψ A ≡ |Ψ ∈ A and |Ψ B ≡ |Ψ ∈ B; in that case, one has
Consequently, if A ∨ B represents disjunction A ⊔ B, one will conclude that it must take on the value of true in state
even though neither A nor B is true in that state:
This kind of a behavior may imply that the distributive law of propositional logic is no longer valid in the logic of experimental quantum propositions, that is,
Therefore, in order to construct a logical-algebraic account of quantum mechanics, one may propose to modify the rules of classical reasoning. Specifically, one may demand that the algebraic structure defined on closed linear subspaces of the Hilbert space relaxes the distributive properties of conjunction and disjunction. Such an algebraic structure is a Hilbert lattice L(H) which is a complete orthomodular lattice [1, 2] . In L(H), disjunctions C ⊔ A and C ⊔ B are represented by the identical subspace, H, in contrast to conjunctions C ⊓ A and C ⊓ B which are represented by the zero-subspace, {0}; as a result, (11) returns 1 = 0. The aforesaid proposal, whose development has started about 80 years ago (and is not finished yet), is called quantum logic [3, 4] .
Still, be that as it may, a superposition of states |Ψ A and |Ψ B may well be encoded into a completely different semantics. In fact, from expressions (8), (9) and (10) it is possible to infer that the logic of experimental quantum propositions has a semantics which retains the meaning of classical logical connectives ⊔ and ⊓ but admits truth-value gaps. That is, in this semantics, A ⊔ B and A ⊓ B are true and false, respectively, even when A and B have no truth-values at all, i.e.,
where 0 0 symbolizes an indeterminate value. Subsequently, the algebraic structure imposed on closed linear subspaces of the Hilbert space H could be a collection of nonidentical invariant-subspace lattices (Boolean algebras or "blocks") corresponding to contexts associated with the quantum system. Unlike the Hilbert lattice, L(H), this collection does not contain elements that represent conjunctions C ⊓ A and C ⊓ B as well as disjunctions C ⊔ A and C ⊔ B.
Moreover, in this collection, the sum rule and the product rule [5] do not hold in general. To be sure, the sum rule implies that the truth-value of the disjunction of mutually exclusive propositions A and B, namely, A ⊔ B = A + B, is equal to the sum of the truth-values of A and B; in symbols,
Similarly, the product rule implies that the truth-value of the conjunction of these propositions, that is, A ⊓ B = A × B, is the product of the truth-values of A and B, i.e., [
But, as it follows from (12) and (13) , in the collection of Boolean "blocks" corresponding to all contexts of the quantum system, the sum rule and the product rule are not valid in state |Ψ C :
Now, recall that according to the Kochen-Specker theorem [6] , there always exists a set of m experimental propositions A, B, C, . . . about a quantum system characterized by a n-dimensional Hilbert space H n with n ≥ 3, such that all m propositions A, B, C, . . . cannot simultaneously have the truth-values satisfying the sum rule and the product rule.
This theorem (usually called the KS theorem) -probably the most influential one in the modern understanding of quantum mechanics [7] -was originally proved for n = 3 and m = 117 more than 50 years ago. Since that time, more and more proofs of the KS theorem have been found for the same or higher n but lesser m (see [8, 9, 10, 11] , to cite but a few examples), and the task has become to reduce the technical difficultness required to prove the KS theorem in order to make the issues involved clearer.
The purpose of the present paper is to demonstrate that in the "gappy" semantics identified with the collection of Boolean blocks, the KS theorem turns out to be a mere restatement of the fact that in this semantics, the valuation relation (2) is not a total function.
Definitions and preliminaries
Let us first analyze the relation between the Hilbert lattice and the collection of invariant-subspace lattices (Boolean blocks) corresponding to different contexts.
Recall that a closed linear subspace of the Hilbert space, say P, is the range of the corresponding projection operator, sayP , acting on H [12] ; explicitly,
Because the set of the eigenvalues ofP is contained in {0, 1}, one can assume bijective correspondence between projection operators and propositions. Providing this correspondence, one gets an isomorphism from the set of propositions, {P }, to the set of the ranges of the projection operators, that is,
As the dimensionality of the Hilbert space for a given quantum system depends on the number of possible mutually exclusive experimental propositions relating to the system, one can define a context Σ as a set of such propositions Σ = {P }. In the terms of projection operatorsP on H, a context Σ can also be defined as a set of nontrivialP (i.e., projection operators that differ from the identity operator1 and the zero operator0 =1 −1)
such that any two members of Σ, sayP A andP B , are orthogonal to each other, i.e.,
and the resolution of identity is associated with Σ:
A subspace P ⊆ H is called invariant under the projection operatorP on H if the image of every vector |Ψ in P underP remains within P. In symbols, this can be written asP P ⊆ P or, explicitly,
For example, sinceP {0} ⊆ {0} andP H ⊆ H, subspaces {0} and H are invariant under everyP .
Accordingly, one can consider L(Σ), the set of the invariant subspaces invariant under every projection operatorP from context Σ:
Elements of this set form a complete lattice called the invariant-subspace lattice of the context Σ [13] . It is straightforward to verify that each invariant-subspace lattice L(Σ) contains only closed linear subspaces corresponding to mutually commutable projection operators, implying that each L(Σ) is a Boolean algebra.
The collection of the invariant-subspace lattices, {L(Σ)}, which is in one-to-one correspondence with the set O = {Σ} of all the contexts associated with the quantum system, can be defined as
If all lattices L(Σ) from collection {L(Σ)} are pasted together at their common elements (e.g., at subspaces {0} and H), that is,
where ∪ denotes the set-theoretic union carried out simultaneously on elements of {L(Σ)}, thenin conformity with the conjecture of M. Dichtl [14] , proved in [15] , stating that every orthomodular poset is a pasting of Boolean algebras -the resulted structure will be the Hilbert lattice, L(H).
Putting it more explicitly, L(H) is the union of collection {L(Σ)}.
In this union, any two (nonidentical) closed linear subspaces of the Hilbert space H, say P and Qwhether they are members of one invariant-subspace lattice or whether they belong to two different lattices -constitute subset of L(H); in symbols, {P, Q} ⊆ L(H). Consequently, in L(H), any two subspaces P and Q are either comparable or incomparable with each other. In the formulation concerning the poset and its operations, this can be presented as:
where the partial order relation ≤ implies comparability, and the negated relation implies incomparability.
Unlike its union, L(H), collection {L(Σ)} may contain closed linear subspaces P and Q that do not constitute a subset of any element of {L(Σ)}.
To see this, imagine that subspaces P and Q respectively belong to invariant-subspace lattices L(Σ P ) and L(Σ Q ) (of different contexts Σ P and Σ Q ) whose intersection L(Σ P ) ∩ L(Σ Q ) has neither P nor Q. In that case, in collection {L(Σ)} = {L(Σ P ), L(Σ Q ), . . . } there is no poset that includes both P and Q, implying that the concept of an ordering, or partial ordering, or any other operation over a pair of elements from one poset has no meaning for P and Q at all. For this reason, within the structure of {L(Σ P ), L(Σ Q ), . . . }, subspaces P and Q are neither comparable nor incomparable with each other. In symbols,
where ✚ ∧ stands for the negated meet operation.
Algebraic structure identified with a gappy semantics
Let us show how the structure of collection {L(Σ)} relates to a "gappy" semantics, i.e., a semantics in which propositions may have no truth-values at all.
Suppose that two nonidentical subspaces P and Q from one and the same invariant-subspace lattice L(Σ), representing respectively experimental quantum propositions P and Q, are comparable with each other, namely, P ≤ Q, which may also be expressed as Q includes P (i.e., P ⊆ Q). Providing the truth of proposition P is equated with the truth of sentence "non-zero vector |Ψ is in P", proposition Q must be true if P is true; explicitly,
where |Ψ P ≡ |Ψ ∈ P.
Now, assume that P and Q are incomparable with each other, which may also be expressed as saying that P and Q have no element in common except {0}. Then, vector |Ψ P -being different from 0 -cannot belong to subspace Q, which means that proposition Q must be false when P is true, i.e.,
{P, Q} ⊆ L(Σ): P ∧ Q
Consider the case where P includes Q, i.e., Q ≤ P. In this case, if P is true, then Q may be true or false depending on whether or not vector |Ψ P belongs to subspace Q:
Next, suppose that in collection {L(Σ)}, subspaces P and Q are neither comparable nor incomparable with each other, and let proposition P be true, i.e., vector |Ψ be in P. Since any relation between P and Q is absent in {L(Σ)}, within the said structure one cannot assign any truth-value to proposition Q in state |Ψ P . This corresponds to a truth-value gap in proposition Q in |Ψ P :
In this sense, collection {L(Σ)} can be identified with a gappy semantics.
One may notice the parallelism between a gappy semantics of the logic of experimental quantum propositions and Pitowsky's logical indeterminacy principle [16] , according to which, in a Hilbert space H n of dimension n ≥ 3, for any two "complementary" propositions P and Q (i.e., propositions represented by subspaces P ⊆ H n and Q ⊆ H n that are neither comparable nor incomparable with each other), proposition Q can be neither true nor false in state |Ψ P (in which P is true).
The KS theorem in a gappy semantics and quantum logic
The simplest example of the subspaces, which are neither comparable nor incomparable with each other, can be found in the collection of the invariant-subspace lattices of the contexts associated with a qubit -a two-state quantum system such as a one-half spin particle, say an electron.
Let us reflect on the following experimental propositions about the qubit: "The spin of the qubit along a given axis q ∈ R 3 is +(−) 2 ". Such propositions, denoted by Q +(−) , are uniquely represented by the closed linear subspaces of two-dimensional Hilbert space C 2 , explicitly, the ranges of operatorsQ +(−) to measure spin along the q-axis:
By way of illustration, if q is the z-axis or the x-axis, one has
Consider the set
whose members are experimental quantum propositions from two contexts of the qubit, namely,
corresponding to invariant-subspace lattices L(Σ Z ) and L(Σ X ):
Suppose that the qubit is prepared in state |Ψ X+ = 1 √ 2 1 1 residing, as it can be readily seen, in subspace a a ⊆ L(Σ X ). Then, for the truth-values of propositions X + and X − , one can find out in advance (without a measurement):
In addition, given that the disjunction of mutually exclusive propositions Q + and Q − is represented by the identity subspace, C 2 ,
while their conjunction is represented by the zero-subspace, {0},
one can infer
And so, in state |Ψ X+ , the sum and product rules hold for propositions X + and X − :
On the other hand, because in the collection of the invariant-subspace lattices of the qubit, there is no poset L(Σ Q ) that jointly includes subspaces ran(Ẑ +(−) ) and ran(X +(−) ), explicitly,
one concludes that in state |Ψ X+ there must be a gap in a priori knowledge about the truth-values of propositions Z + and Z − , i.e.,
hence, the sum and product rules do not hold for them:
Therefore, in collection {ran(0), ran(Q + ), ran(Q − ), ran(1)} q∈R 3 , all 4 propositions of M cannot simultaneously have a priori truth-values satisfying the sum rule and the product rule.
By contrast, in the union of this collection, i.e., the Hilbert lattice,
the KS theorem -to be exact, its weaker alternative maintaining that the structure of closed linear subspaces of the Hilbert space associated with the qubit makes it impossible to assign a priori truthvalues to all experimental propositions about the qubit in a manner such that only one proposition in a context is assigned the truth value 1 and all the propositions in a context satisfy the product rule -is false.
To prove this, it is enough to show that within L(C 2 ) all propositions P i of set M may have preexistent truth-values satisfying the product rule in state |Ψ X+ in which proposition P i = X + takes on the value of true.
Indeed, in Hilbert lattice L(C 2 ) one has
where -in accordance with the version of quantum logic of G. Birkhoff and J. von Neumann [3] -the meet and join of subspaces ran(P i ) and ran(X + ) represent the conjunction and disjunction of propositions P i and X + , whether or not these subspaces belong to the same Boolean block (in other words, regardless of the commutativity of projection operatorsP i andX + ):
So, consistent with expressions (27) and (28), one finds
which implies that for the mutually exclusive propositions from set M the product rule holds:
Conclusion remarks
As it has been mentioned, if two states of the quantum system are |Ψ A = |Ψ ∈ A and |Ψ B = |Ψ ∈ B, where subspaces A and B of Hilbert space H characterizing the quantum system have no element in common except the zero-subspace, then all other states of the system |Ψ C = |Ψ ∈ C such that C ≤ A ∨ B are called superpositions of |Ψ A and |Ψ B , for example, |Ψ C = c A |Ψ A + c B |Ψ B , where c A , c B ∈ C are superposition coefficients. Provided subspaces A, B and C represent experimental quantum propositions A, B and C, respectively, and A ∨ B represents disjunction A ⊔ B, one can observe that the truth of C excludes that of A and it excludes that of B.
Remarkably, from the standpoint of the propositional language, the notion of superposition can be encoded in various logical-algebraic objects. Accordingly, the logic of experimental quantum propositions may have a range of possible semantics: e.g., a semantics, in which the distributive law of propositional logic fails (quantum logic), or a semantics, in which this law holds but the valuation relation -i.e., the function from propositions into the set of two objects, true and falseis not total (called supervaluationism [17, 18] ). The problem, however, is that, experimentally, it is not possible to decide which semantics -quantum logic or supervaluationism -is proper. It is so because one can verify simultaneously only propositions relating to one and the same context, in other words, propositions represented by the ranges of mutually commutable projection operators. As a result, one cannot determine by experiment whether the conjunctions C ⊓ A and C ⊓ B are false or meaningless.
Hence, one may organize closed linear subspaces of H in different structures -i.e., not only in a Hilbert lattice (or some its generalizations) identified with quantum logic, but also in a collection of invariant-subspace lattices (Boolean blocks of contexts) identified with the supervaluational semantics.
On the other hand, a non-Hilbert-lattice structure allows simplifications of some no-go theorems in the foundation of quantum mechanics. Take, for example, the KS theorem that asserts the impossibility to interpret, within the orthodox quantum formalism, projection operators as definite {0, 1}-valued (preexistent) properties. As it has been demonstrated in the present paper, in the supervaluational semantics, the KS theorem becomes a tautology restating that in such a semantics there is no global assignment of the truth values to experimental quantum propositions.
